Introduction
A natural problem in algebraic geometry is the formation of quotients. This is particularly important in the theory of moduli, where many moduli spaces are naturally constructed as quotients of parameter spaces by linear algebraic groups. Examples of quotient moduli spaces include moduli spaces of curves, stable maps and stable vector bundles (with fixed determinant).
Unfortunately, the quotient of a scheme by a a group need not exist as a scheme, or even as an algebraic space. Moreover, even when a quotient exists as an algebraic space, the quotient morphism may not have expected properties. For example, if Z and G are smooth, then the morphism Z → Z/G need not be smooth. To overcome this difficulty we consider quotients as stacks, rather than schemes or algebraic spaces. If G is a flat group scheme acting on a space Z, then a quotient [Z/G] always exists as a stack, and the morphism Z → [Z/G] makes Z into a principal G-bundle over [Z/G] .
Knowing that a stack has a presentation as a quotient [Z/G] can often make the stack easier to study. The reason is that the geometry of the stack can be viewed as G-equivariant geomtry on the space Z. For example, the Chow groups of a stack [Z/G] are simply the Gequivariant Chow groups of Z ([E-G]). In this way one can easily show that the smooth quotient stacks have an intersection ring.
A natural question is to determine which stacks are quotient stacks. Observe that if F ≃ [Z/G] then the automorphism groups of objects over geometric points are linear algebraic groups. Thus, a trivial necessary condition is that automorphism groups of objects are linear algebraic groups. In particular, not all stacks can be quotients. For example, the classifying stack BE, where E is an elliptic curve, is obviously not a quotient stack in the sense above. (Of course BE is a quotient stack for a non-linear algebraic group.)
Support received from the NSA, NSF and the MU research board while preparing this paper.
One way to view this is as a problem in representation theory. Given a stack F , denote by I F the inertia stack parametrizing automorphisms of objects of F . Then I F is a group stack over F . Assume that the fibers of I F → F are linear algebraic groups, is there a global embedding I F ⊂ GL n (F )?
In this paper we consider stacks where all automorphism groups are finite, hence linear. This condition is equivalent to the diagonal morphism F → F × F being quasi-finite, and this class of stacks contains Deligne-Mumford stacks. We give several sufficient conditions for a stack of this form to be a quotient stack. It should be remarked that not all stacks of this form are quotient stacks. Andrew Kresch has constructed an example of a non-separated Deligne-Mumford stack which is not a quotient stack. We discuss his example below.
Remark 1.1. Some of the results of this paper have circulated in varying degrees as "folklore" for the last several years.
Acknowledgements. Thanks to Andrew Kresch for sharing his construction of a non-separated non-quotient stack as well as for useful discussions. Thanks also to Bill Graham, Angelo Vistoli, and Amnon Yekutieli for helpful discussions.
Statement of Results
The first theorem we prove is that stacks with quasi-finite diagonal are finitely paramtrized; i.e. they admit finite covers by schemes. This is the strongest possible result since any finitely parametrized stack must have quasi-finite diagonal. This result extends results of Vistoli [Vi] and Laumon-Moret-Baily [L-MB] for Deligne-Mumford stacks. The first result of this form of which the author is aware is due to Seshadri [Sh, Theorem 6 .1] in the context of group actions on varieties. In fact, the use of Lemma 4.1 was inspired by reading his paper.
Theorem 2.1. Let F be a stack of finite type over a Noetherian ground scheme L. Then the diagonal δ : F → F × L F is quasi-finite if and only if there exists a finite surjective morphism X → F from a (not necessarily separated) scheme X.
Once we prove Theorem 2.1 we prove the following results about quotient stacks.
Theorem 2.2. Let F be a stack with finite cover f : X → F by a scheme (or algebraic space). If the coherent sheaf f * O F is the quotient of a locally free sheaf then F = [Z/ GL n ] where Z is an algebraic space.
In particular, if every coherent sheaf on F is the quotient of a locally free sheaf, then F is quotient stack.
Remark 2.1. If the ground scheme is normal, and if F = [Z/ GL n ] where Z is a scheme equivariantly embedded in a regular scheme, then the equivariant resolution theorem of [Th] implies that every cohrerent sheaf is the quotient of a locally free sheaf.
As a corollary we obtain Corollary 2.1. (i) If F is a stack with a finite flat cover by an algebraic space Z then F is quotient stack.
(ii) In particular, if F is regular and has a finite cover by a CohenMacaulay scheme (or algebraic space) then F is a quotient stack.
We emphasize the second statement of the Corollary because the Deligne-Mumford stacks considered by Mumford in [Mu] satisfy (ii). In particular they are quotient stacks, and the intersection product he constructs is a special case of the intersection product of [E-G] .
Finally, if F is Deligne-Mumford then we have the following result which we obtained based on conversations with Bill Graham. Theorem 2.3. If F admits a representable morphism to a smooth Deligne-Mumford stack H such that that the automorphism group of a general geometric point of H is trivial, then F = [X/G] where X is an algebraic space.
Recall that a space Q has quotient singularities if locally in theétale topology Q is isomorphic to quotients U/H, where H is a finite group and U is smooth.
Corollary 2.2. Any separated algebraic space over a field of characteristic 0 which has at worst quotient singularities is a global quotient Q = Z/G where Z is a smooth space and G is a linear algebraic group.
A more technical corollary is the following.
Corollary 2.3. If F is a smooth Deligne-Mumford stack then there is a finiteétale map F → F ′ where F ′ is a quotient stack.
Stacks and groupoids
In this section we give a brief review of stacks and groupoids. To keep this note short, we do not give much of an exposition on Artin stacks. For a reference, see [D-M] , [Vi] , [Ed] or [L-MB] . However, to fix notation we recall some details.
3.1. Conventions. We assume throughout this paper the term stack refers to an algebraic stack of finite type over a Noetherian base scheme. For precise definitions of these terms see below.
We also assume that the diagonal is quasi-finite; this is equivalent to the inertia stack being quasi-finite over the stack, which means that every object has a finite automorphism group. We will sometimes emphasize the latter fact for emphasis.
3.2. Groupoid spaces. A groupoid is a small category C in which all arrows are isomorphisms. Write R = Hom(C), X = Obj(C). There are two maps s, t : R → X sending a morphism to its source and target, respectively; a map e : X → R taking an object to the identity morphism of itself; and a map i : R → R taking a morphism to its inverse. Write j = (s, t) : R → X × X. There are obvious compatibilities between these maps, which we will not write.
A groupoid scheme consists of schemes R and X defined over a fixed base scheme L, together with maps s, t, e, i, j satisfying the same compatibility conditions as above. Henceforth we will simply use the word groupoid to mean groupoid scheme. A groupoid is calledétale (respectively smooth, respectively faithfully flat) if the maps s and t areétale (resp. smooth, resp. faithfully flat). The stabilizer of a groupoid is the scheme
. This is a group scheme over X.
If B is any L-scheme then we obtain a groupoid R B ⇉ X B by base change. In this way a groupoid scheme determines a pseudo-functor
X is an equivalence relation, then the groupoid scheme actually defines a functor. In this case, if s isétale, (or more generally faithfully flat -see below) then theétale sheafification of the associated functor defines an algebraic space.
3.3. Categories fibered in groupoids. Let L be a fixed ground scheme and let F be a category together with a functor p : F → Sch(L). If B → L is a fixed L scheme, then we define F (B) to be the subcategory of F consisting of objects which map to B and morphisms mapping to the identity. We say that (F, p) is an L-groupoid if the following conditions are satisfied.
(ii) For any morphism of L-schemes B ′ f → B and any object x ∈ F (B), there is a canonically defined object f * x in F (B ′ ) together with a mor-
A morphism of L-groupoids is simply a functor commuting with the functor to Sch(L). An isomorphism of groupoids is an equivalence of categories. Since equivalences need not have strict inverses, certain diagrams commute only up to homotopy. This can be summarized by saying that L-groupoids form a 2-category. Objects are groupoids, 1-morphisms are morphisms of groupoids, and 2-morphisms are natural transformations.
Any functor Sch(L) → sets determines an L-groupoid. We say that an L-groupoid is represented by a scheme (resp. algebraic space) if its equivalent to the functor of points of scheme (resp. algebraic space).
An important construction is the fiber product. Given morphisms f : F 1 → F , g : F 2 → F , the fiber product F 1 × F F 2 is the groupoid defined as follows: Objects are triples (x 1 , x 2 , ψ) where x 1 is an object of F 1 , x 2 is an object of F 2 , and ψ : f (x 1 ) → f (x 2 ) is an isomorphism. A morphism is specified by giving a pair of morphisms compatible with the induced isomorphism in F .
3.4. Descent conditions. An L-groupoid is a stack if it satisfies two descent properties.
(1) For an objects x, y in F (B) the functor Iso B (x, y) : Sch(B) → sets assigning to a B-scheme B ′ f → B the set of isomorphisms between f * x and f * y is a sheaf for the smooth topology. (2) F has effective descent for smooth maps.
Remark 3.1. The groupoid determined by a functor determines a stack if and only if the functor is a sheaf in the smooth topology.
3.5. Representable morphisms. A morphism of stacks is representable if for any morphism of an algebraic space B → F , the fiber product B × F F ′ is represented by an algebraic space. A morphism is strongly representable if for any morphism of a scheme B → F , the fiber product B × F F ′ is represented by a scheme. Let P be a property of morphism of schemes which is preserved by base change and is local for the smooth topology. A representable morphism F ′ → F has property P if for all morphisms B → F of algebraic spaces, the induced morphism B × F F ′ → B has property P. By [Kn, Theorem 4 .1] a representable quasi-finite morphism is always strongly representable.
3.6. Algebraic stacks. Finally, a stack is called algebraic if (1) There exists a representable smooth surjective morphism X → F from a scheme.
(2) The diagonal morphism F → F × L F is representable and quasicompact.
Remark 3.2. The representability of the diagonal implies that any morphism from an algebraic space is representable. In this paper we will be concerned only with stacks which have quasi-finite diagonal. In this case any morphism from a scheme is strongly representable. Remark 3.3. A stack F is called Deligne-Mumford if there exists ań etale cover of F by a scheme. For stacks of finite type over a Noetherian schemes, this condition is equivalent to the diagonal morphism being representable and unramified (see [Ed] for a proof). Note that a Deligne-Mumford stack has quasi-finite diagonal. If all the residue fields of L have characteristic 0, then F has quasi-finite diagonal if and only if F is a Deligne-Mumford stack.
3.7. Presentations for stacks. By definition, any stack F admits a smooth surjective map from a scheme X; X → F is called an smooth atlas. In this case, the fiber product R = X × F X is an algebraic space. However, for stacks with quasi-finite diagonal, the diagonal is strongly representable so R is in fact a scheme. The smooth groupoid scheme R ⇉ X is called a presentation for F . Conversely, any smooth groupoid R ⇉ X determines an Artin stack with presentation R ⇉ X. A theorem of Artin says that any faithfully flat groupoid R ⇉ X determines a stack. In this case the groupoid scheme R ⇉ X is called a faithfully flat presentation for F . If the diagonal is quasi-finite, then it is relatively straightforward ( Lemma 3.3] ) to show that F has a quasi-finite faithfully flat atlas of schemes.
As noted above, any algebraic space is a stack; the following result says when the converse holds. −1 then this is equivalent to S → X being an isomorphism by either s or t.
Finite parametrization of stacks with quasi-finite stabilizer
The purpose of this section is to prove that every stack with quasifinite stabilizer has a finite cover by a scheme. This result was first proved for Deligne-Mumford stacks with moduli spaces by Vistoli [Vi] and later extended to arbitrary Deligne-Mumford stacks by LaumonMoret-Baily [L-MB].
We begin with an easy, but very useful lemma.
Lemma 4.1. Suppose that p 1 : F 1 → F and p 2 : F 2 → F are representable (respectively strongly representable) morphisms. Assume that F is covered by open sub-stacks U 1 , U 2 such that the fiber products U 1 × F F 2 and F 1 × F U 2 are representable by algebraic spaces (resp. schemes) then the fiber product is F 1 × F F 2 is also represented by an algebraic space (resp. scheme).
Proof. Set p 
2 (U 1 ) are represented by algebraic spaces. If (x 1 , x 2 , α) is an object of F 1 × F F 2 , since α : p 1 (x 1 ) ≃ p 2 (x 2 ), then p 1 (x 1 ) and p 2 (x 2 ) are both objects in one of the U i 's. We assume they are both objects of U 1 . Then (x 1 , x 2 , α) is an object of p −1 1 (U 1 ) × F F 2 which is represented by an algebraic space. Therefore, F 1 × F F 2 has an open covering by algebraic spaces and is therefore a an algebraic space.
If p 1 and p 2 are strongly representable and p −1 1 (U 1 ) and p −1 2 (U 2 ) are schemes, then it is clear that the fiber product F 1 × F F 2 is represented by a scheme.
4.1. Proof of Theorem 2.1. Since F is finitely presented over the ground scheme, we may assume that F is obtained by base change from a stack of finite type over Spec Z. Hence to obtain a cover we may assume that F is of finite type over Spec Z. Also, since the morphism F red → F is finite and surjective we can assume F is reduced. By working with each irreducible component separately we can assume F is integral. Finally by normalizing we can assume that F is normal.
Suppose that F has an open cover F 1 , . . . F k such that F i has a finite cover by a scheme Z i . The composite morphism Z i → F i ֒→ F is quasi-finite. Thus, by Zariski's main theorem [L-MB, Theorem 8.7] the morphism Z i → F factors as an open embedding followed by a finite representable map Z i ֒→ Z i → F . Since F is assumed to be irreducible, the finite representable morphism Z i → F has dense image so it must be surjective. Set Z = Z 1 × F × F Z 2 . . .× F Z k . The induced map Z → F is finite, representable and has dense image, so it is surjective. Since any finite representable morphism is strongly representable, we can, by applying the Lemma, conclude that Z is a scheme.
Thus, to prove the theorem it suffices to prove that F has a cover by open sub-stacks which admit finite covers by schemes. By Lemma 3.3 .1], F has a quasi-finite flat cover by a scheme V . Let V i be an irreducible component of V i . Once again applying Zariski's main theorem, the quasi-finite morphism V i → F factors as V i ֒→ F ′ → F , where the first map is an open embedding and the second map is finite (and by density surjective). Replacing F by F ′ we may therefore assume that F is generically a scheme. In particular, we can assume that F has a generic point Spec K.
X be a smooth presentation for F . Since we are working locally we can assume that X is a normal variety. By Lemma 3.3 .1], the smooth cover can be refined to a quasi-finite flat cover by a scheme V and the morphism V → X is the composition of a closed embedding and anétale map. Again since we are working locally we may assume that V is irreducible. In particular we may also assume that V is normal.
Since the morphism V → F is quasi-finite, it is open. Let U ⊂ F be the open substack of F which is the image of V . We will construct a finite cover of U by an algebraic space. Since V → F is quasi-finite, it is generically finite, so K(V ) is a finite extension of K (recall that Spec K is the generic point of F ). Let K ′ be a normal extension of K containing K(V ). Then K ′ is Galois over a field K ′′ which is a purely inseparable extension of K. Let F ′ be the normalization of F in K ′ and let U ′ be union of the conjugates by Gal(
Moreover, by the stack analog of [Bourbaki, Proposition V2.3 .6] (which holds because normalization commutes with smooth pullback), Gal(K ′ /K ′′ ) acts transitively on the fibers of F ′ /F . Hence U ′ = F ′ × F U, and thus U ′ is a finite cover of U by a scheme.
As a corollary of independent interest, we obtain Chow's Lemma for stacks with finite 1 diagonal, extending [D-M, Theorem 4.12].
Corollary 4.1. Let F be a stack of finite type over a Noetherian ground scheme. If the diagonal is finite, then F admits a proper surjective, generically finite morphism from a (quasi-)projective scheme.
Proof. If F is separated then the finite cover X is separated. The conclusion then follows from applying Chow's lemma to X.
Proof of Theorem 2.2
In this section we prove Theorem 2.2 by studying the relationship between quotient stacks and vector bundles over stacks. 5.1. Vector bundles and torsors. The purpose of this section is to give a condition in terms of vector bundles for a stack to be a quotient.
Proposition 5.1. Let V → F be a vector bundle of rank n in the category of algebraic stacks, and suppose there exists an open substack V 0 ⊂ V such that V 0 is an algebraic space and V 0 surjects onto F .
Then the associated GL n -principal bundle (i.e. the bundle of linear automorphisms) of V /F is an algebraic space. Hence F is a quotient stack. Conversely, if F = [X/ GL n ] is a quotient stack, then there exists a vector bundle V as above.
Example 5.1 (A. Kresch). Let F be the stack obtained by glueing two copies of Spec C[x, y, z]/(xy−z 2 )×B(Z/2) along a nontrivial involution. This stack is fibred in B(Z/2) over a non-separated scheme and it admits no non-trivial vector bundles. Hence it can not be a quotient stack.
Proof of Proposition 5.1. If R s ⇉ t U is a presentation for F by a smooth groupoid, then giving a vector bundle V → F is equivalent to giving a vector bundle V U π U → U together with an isomorphism s * V U θ → t * V U compatible with the groupoid structure.
Set V R = s * V U := R × s,π U U and define s V : V R → V U to be the projection to the second factor. Then define t V : V R → U to be the composition of θ with the projection R× t,π U V U → V U . The compatibility of θ with the groupoid structure implies that
and we have a commutative diagram
presentation for the stack V . Since S× s,π U V U = S× t,π U V U the restriction of t V to a map S× U V U → U defines an action of the group scheme S/U on the vector bundle V U /U. We show that this action is faithful.
Suppose that K is not the trivial group scheme over U. Let Z ⊂ U be the subscheme of U over which K is non-trivial and F Z be the substack with presentation R × s×t Z ⇉ Z. Then by construction every object of the substack F Z × F V has a non-trivial automorphism group. However, this contradicts our assumption that there is an open substack V 0 ⊂ V surjecting to F which is an algebraic space. Hence K is trivial and so S acts faithfully on V U .
Since the isomorphism θ : s * V U → t * V U is a vector bundle isomorphism, S acts by vector bundle automorphisms. Hence there is an induced action on the associated frame bundle P U → U. Since S acts faithfully on V U , it acts freely on the associated frame bundle P U → U. If P → F is the frame bundle associated to V → F then it has a presentation P R s P ⇉ t P P U such that the diagram
As before the action of S is just the restriction of t P to S× U P U . Since S acts freely on P U , the map S × U P U t P ×s P → P U × P U is an embedding. On the other hand, s P × t P is also an embedding on the complement of S × U P U ⊂ P R . Therefore P is is an algebraic space, which is a GL r torsor over F .
Conversely, suppose that P → F is a GL n torsor with P an algebraic space. Let W be a representation of GL n on which G-acts generically freely. Then the vector bundle stack P × G W → F satisfies the conclusion of the proposition.
5.2.
Proof of the Theorem. Let X f → F be a finite cover of F by a scheme (resp. algebraic space). By assumption there is a surjection of sheaves E → f * O X . Let V be the vector bundle associated to E. Then there is a closed embedding of X into the stack V . Since X is a scheme, it is contained in the largest open substack V 0 of V which is an algebraic space. The map X → F is surjective, so V 0 → F is also surjective. Thus by Proposition 5.1 F is a quotient.
Remark 5.1. If F admits a finite map to a scheme Q then Z is a scheme. This occurs, for example, if the moduli space of F is a scheme.
The reason that Z is a scheme is as follows: Let Y → F be a finite cover of F be a scheme. Then, since Z → F is affine, the fiber product Z × F Y is an affine Q-scheme. Thus, by Chevalley's theorem for algebraic space [Kn, Theorem 4 .1] it follows that Z is an affine Q-scheme as well.
Example 5.2. Any smooth 1-dimensional Deligne-Mumford stack is a quotient stack. The reason is that any normal finite cover of such a stack is flat.
Deligne-Mumford quotient stacks
Lemma 6.1. Let R t ⇉ s X be anétale groupoid representing a smooth stack F . Let S → X be the stabilizer group scheme. Assume that no component of S \ e(X) surjects to X. Then for some n > 0 S acts faithfully on the bundle of n-jets in X.
Proof. Pick r ∈ S \ e(X), and set x = s(r) = t(r). Since s and t aré etale the induced maps
are isomorphisms. Thus the composite
gives an automorphism of the completed local ring O x,X . By assumption on S, s = t in a neighborhood of r ∈ R so the automorphism is nontrivial. Thus, r must act non-trivially on the vector space O x,X /m
for some k > 0. Hence r acts faithfully on some jet space J k x,X . Now afterétale base change, we may assume that S splits into a (finite) disjoint union S i where S i → X is a closed embedding. Then if s ∈ S i acts faithfully on J k x,X then there is an open set U ⊂ S i which acts faithfully on the fibers of T k X → X. Therefore by Noetherian induction, we can cover S by open sets U 1 , . . . , U k such that for n sufficiently large, U i acts faithfully on J n X.
Proof of Theorem 2.3. Since the morphism F → H is representable, it suffices to construct a torsor over H which is an algebraic space. The pullback to F will be the desired torsor over F . Thus we may assume that F = [R ⇉ X] is anétale presentation of a smooth Deligne-Mumford stack with generically trivial stabilizer. By the Lemma the stabilizer group scheme acts faithfully on a sufficiently high order jet bundle over X. Thus it acts freely on the associated frame bundle. We can then argue as in the last part of the proof of Proposition 5.1 to show that the frame bundle of the jet bundle is an algebraic space.
Proof of Corollary 2.2. By [Vi, Proposition 2.8] a space Q with quotient singularities in characteristic 0 is a moduli space (in the sense of Gillet) for a smooth stack F which has generically trivial stabilizer. Thus F is a quotient stack so that F = [X/G] and the moduli space Q is a quotient of X by G.
Proof of Corollary 2.3. Let R s ⇉ t X be anétale presentation for F . Let T be the union of the components of the stabilizer which areétale over X. Then T → X is a finiteétale group scheme (any group scheme which is an algebraic space is in fact a scheme). The groupoid structure gives a free action of T on R so a quotient R = R/T exists an algebraic space. Moreover, the induced morphism R → X × X is unramifiedhence quasi-finite -so R is a scheme by [Kn, Theorem 4 .1].
The induced maps s, t : R ⇉ X are stillétale, so R s ⇉ t X is a groupoid of algebraic spaces. The associated Deligne-Mumford stack F has generically trivial stabilizer so it is a quotient stack. The map of groupoids R ⇉ X → R ⇉ X corresponds to a finiteétale (but non-representable) map F → F .
Remark 6.1. In light of Corollary 2.3 a natural question to ask is whether every smooth Deligne-Mumford stack is a quotient stack. By considering the adjoint action of theétale part of the stabilizer we can reduce the problem to following: Suppose that F is a stack which admits a finiteétale map to a quotient stack F ′ . Moreover, the geometric fibers of F → F ′ are isomorphic to the classifying stack BH, where H is a fixed finite abelian group scheme. Is F a quotient stack? The answer to this question probably lies in determining an appropriate cohomological obstruction. In unpublished notes, Brendan Hassett and Andrew Kresch explain the connection between this problem and unsolved problems in the theory of Brauer varieties.
